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Abstract 

We consider the algebra isomorphism found by Frenkel and Ding between the RLL 
and the Drinfeld realizations of U q (gl(2)). After we note that this is not a Hopf algebra 
isomorphism, we prove that there is a unique Hopf algebra structure for the Drinfeld 
realization so that this isomorphism becomes a Hopf algebra isomorphism. Though 
more complicated, this Hopf algebra structure is also closed, just as the one found 
previously by Drinfeld. 
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I Introduction 



Besides their rich mathematical structures, quantum affine algebras play a crucial role in 
the exact calculation of some experimental physical quantities that have remained so far 
unaccessible through traditional methods [|T], 0]. However, they are defined through various 
approaches and therefore it is important to find the relations among all of them. In particular, 
it is well known that quantum affine algebras admit two apparently different realizations 
in terms of currents. The first one which is based on the RLL formalism was derived 
by Reshetikhin and Semenov-Tian-Shansky ||, following the general Faddeev-Reshtikhin- 
Takhtajan matrix construction of quantum groups ||. The second one was derived by 
Drinfeld as a quantum version of central extensions of loop affine algebras M . The natural 
question of finding the exact connection between the two arises then. Frenkel and Ding 
addressed this question and were able to construct through the Gauss decomposition an 
algebra isomorphism between them |J. The crucial question of finding an isomorphism at 
the level of Hopf algebras remained unanswered. In fact, as we will see, for the Hopf algebras 
structures given in ||, the above isomorphism is not a Hopf algebra isomorphism. However, 
we show that this algebra isomorphism can be upgraded to a Hopf algebra isomorphism for 
a different but unique Hopf algebra structure of the Drinfeld realization. This provides a 
second example of a closed Hopf algebra structure for the latter realization. 

II Brief review of the Frenkel-Ding isomorphism 

Here we briefly recall the two realizations of U q (gl(2)) and the algebra isomorphism between 
them as found by Frenkel and Ding ||. 

II. 1 The Reshetikhin-Semenov-Tian-Shansky realization of U q (gl(2)) 

Since this realization is based on a matrix representation of quantum groups, and in partic- 
ular on the R{z) matrix which satisfies the Yang-Baxter equation with a spectral parameter 
z, let us denote this algebra by U(R(z)). We review this realization following Ref. || where 
a more compact but equivalent definition is given. 
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Definition 2.1 [|3], |6| U(R(z)) is an associative algebra with a unit and is generated by 
the modes of the currents ifAz) = J2^Lo^tj[T n ]z ±n ,i,j = 1,2; with defining relations: 

4l[0]=*u[0] = 

4[0]4[0]=4[0]4[0] = 1, f = l,2; 

(z)L±H = Li(w)Lf(z)R(±), 
R(^-)Lt(z)L;(w) = L- 2 {w)Li{z)R{^). 

Here the notations are as follows: ^(z) = (i^ {z))1 - =1 , L x (2) = L ± (z) ® 1, Lf(z) = 
1 (g) L ± (z), z± = zq ±c / 2 with g c being the central element, and 



i?(z) 



/ 1 \ 

(l-z)g 

1 — zq^ 1 — zq 



£r*te ^-U 

1 — zq^ \ — zq* 

1=4 ilz^ 

1 — zq^ 1 — zq^ 



(2) 



\ 1 / 

Note also that in the above defining relations, i?(z) has a Taylor expansion in z (not in z _1 ). 
The important feature of this algebra is that it is equipped with a Hopf algebra structure 
given by 

A(L±(z)) = L^zq^ 1 ® ^) ®- L ± (z ? T(-/2®i)) ) 

5(L ± (z)) = L ± (z)- 1 , (3) 

£(L±(z)) = J, 

where A, 5 and £ denote the comultiplication, the antipode and the counit respectively 
II.2 The Drinfeld realization of U q (gl{2)) 

Here we briefly recall the defining relations of the Hopf algebra U q (gl(2)) as a quantum 
version of the central extension of the loop algebra gl(2). 

Definition 2.2 This is an associative algebra with a unit and is generated by the 
modes of the currents X ± (z) = Y. n &^n z ~ n an d kf(z) = Y,T=o kf^ n z ±n , % — 1,2; and the 
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central elements q ± ^ c , with defining relations: 



No No ~~ No No ~~ l -> 
kt(z)kf(w)=kt(w)kt(z) 
k?(z)kt(w) = k-(w)k?(z) 



- T kf(z)kf(w) = kf(w)kf(z 



z±-w T 



z±q-w T q- 

z±—w v /' 

z±q —1 —wq 



T) 



z± —<w 



X+(w) 



z^q-wq 1 j^- 



[W. 



z T q-w±q~ 

kf(z)X + (w)kf(z)- 1 
kf(z)X+(w)kf{z)- 1 
kf{z)- 1 X-{w)kf{z) 
kf(z)- 1 X-(w)kf(z) 
{zq ±l - wqT 1 )X ± (z)X ± (w) =)X ± (w)X ± (z)(zq^ 1 - wq* 1 ), 
[X + (z),X-(w)} = (q- q- l ){5{z/wq c )k 2 {w + )ki{w + )- 1 - 5(zq c /w)k+{z + )k+ (z 



z^q~ 



Z^f—W 



- wq X-(w), 



where the formal 5 function is defined by S(z) = Sngz- 2 ™- This algebra is equipped 
Hopf algebra structure. The comultiplication, the antipode and the counit are given 
following relations: 



(4) 
with a 
by the 



A(kt(z 
A(k~(z 
A(X+(z 
A(X~(z 
S(kf(z 
S(X + (z 
S{X~{z 
£{kf{z 



kt(zq^ £ 2)(^kt(zq-2 & ), 
kHzq^^Kizq--^ 1 ), 

X+(z) ® 1 + kZ(zq c9l )k{(zq c ® 1 )- 1 ®X + (zq* 91 ), 
1 <g> X~{z) + X-(zq mc ) ® ktizq^kfizq 1 ®^)- 1 , 
kHz)~\ 

-ki(z)k 2 (z)- 1 X+(z), 
-X-(z)kt(z)k+(z)-\ 
1, £(X±(z)) = 0. 



(5) 



In the above comultiplication the central elements q ± % act nontrivially on the modules V\ or 
Vi appearing in a tensor product V\ ® Vi according to whether they are written as q ± % m or 
g ±llX, f respectively. Since both the above realizations of U q (gl(2)) are equipped with Hopf 
algebra structures it is therefore important to investigate whether they are Hopf-algebra 
isomorphic to each other. As we will show later the algebra isomorphism between them 
found in Ref. M is not a Hopf algebra isomorphism. 
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II. 3 An algebra isomorphism 

Here we briefly recall the algebra isomorphism ip between the above two realizations ||. It 
is based on the uniqueness of the Gauss decomposition of the L (z) matrix operators. In 
Ref. || it is shown that the map <p : U(R) —* U q (gl(2)) defined by 

<p{e + {zJ)-e-{z+)) = X+(z), 

¥>(/+(*+)-/-(*-)) = X-(z), (6) 
<p(k?(z)) = kf(z), 

where the currents e ± {z) and f (z) being uniquely defined by the following Gauss decom- 
positions of ^(z): 

L ± (z) = ( 1 \ / kf \ / 1 /±(*) \ = ( kf(z) kf(z)f±(z) \ (7) 

is an algebra isomorphism. Here the currents e ± (z), f ± (z), and kf(z) have all Taylor 
expansions in 2 or z -1 as: 

e + (z) = J2 n =l e n Z U t e ( 2 ) = S ra =0 e -n 2 ™' 

/ + W = £~ tf*- n , rW = E:j:/, (8) 

Now that the algebra isomorphism between the two realizations is settled, it is natural 
to try to complete this investigation at the level of a Hopf algebra isomorphism because, 
after all, the major importance of these two realizations is their being equipped with Hopf 
algebra structures. 



Ill A Hopf algebra isomorphism 

In this section, we find a new Hopf algebra structure for the Drinfeld realization such that 
ip becomes a Hopf algebra isomorphism. 

Definition 3.1 A homomorphism ip: (A, m, r], A, S, S) — > (B, mf, rf, A', S', £') is a Hopf 
algebra isomorphism if ip is an algebra isomorphism between (A,m,r]) and (B,m',rj') 
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satisfying 

(ip ® ip) o A = A' o ip, 

yooS = S'oi/j, (9) 
£ = E'oip. 

Note that ^ determines uniquely the Hopf algebra structure for B if the Hopf algebra 
structure of A is given. Moreover, we have the following existence result: 

Proposition 3.2 Let A and B be two associative algebras with unit together with an 
algebra isomorphism if> : A — > B. If there exists a Hopf algebra structure on A, then B can 
be endowed with a Hopf algebra structure such that ip becomes a Hopf algebra isomorphism. 

Note that in the proposition we do not assume that B has a priori a Hopf algebra 
structure. 

If such a Hopf algebra structure for B exists then relations @ must be satisfied. Then 
we set 

A' = o Aof 1 , 

S^iftoSoiff- 1 , (10) 
£' = £o^-\ 

By construction, A' is an algebra homomorphism B — > B ® B, S' is an algebra antihomo- 
morphism B — > B op and £' is an algebra homomorphism B — > C. And using the fact that 
ip is an algebra isomorphism and that A, S and £ make A a Hopf algebra, one can check 
that A', S' and £' satisfy the axioms of a Hopf algebra for B. 

As for the isomorphism ip of II. 3, it is clear that it does not preserve the Hopf algebra 
structure. Indeed, let us consider kf(z) in both U q (gl(2)) and U(R): in U g (gl(2)) we have 
S'{kf{z)) = kf(z)-\ but in U(R), using S^iz)) = ^{z)- 1 , we find S{kf{z)) = kf {z)~ l + 
f ± (z)kf(z)~ 1 e ± (z). Since (p(kf(z)) = kf(z), ifoS^S'o^. 

Now using the proposition, we establish a different Hopf algebra structure for the Drinfeld 
realization so that tp becomes a Hopf algebra isomorphism. We find closed formulas for A', 
S' and £' leading to a new Hopf algebra structure for U q (gl(2)). This is possible because 
kf(z) and k 2 {z) are invertible using the fact that l u are invertible and using the Gauss 
decomposition. 

Theorem 3.3 The isomorphism if : U(R(z)) — > U q {gl{2)) is a Hopf algebra isomor- 
phism if the Drinfeld realization of U q (gl(2)) is equipped with the following new Hopf algebra 
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structure: 

A(kf(z)) = ktiz^^kfiz^ + ktiz^f^^e^ktiz?), 

Hkf(z)) = E^o(-l)^ 2 ± (^)/ ± (% ± )"®e ± (zJ)"A; 2 ± (zJ), 

A(e ± (^)) = e ± (zf)®l + En=o(-^ n kt(4)f ± (4) n kf(zt)- 1 ®e ± (z^r+\ 

A(/±(z)) = 1 ® f±{$) + E^o(-l)"/ ± (^ ± ) n+1 ® kfiz^-^^Tkf^), 

S(kf(z)) = kf(z)-i + fHz)kf(z)-'eHz), 

S(kf(z)) = kf(z)^ 1 - f ± (z)kf(zy 1 {Y / ^ =0 (-l) n (kf(z)f ± (z)kf(z)~ 1 e ± (z)) n } 

■kt^ktizr^iz), 

S(e±(z)) = -{E^o(-l) ri (^(^)/ ± (^A; 2 ± (^- 1 e ± (z))«}^(^)A; 2 ± (^)- 1 e ± (z), 

£{kf{z)) = 1, £(e±(;*)) = 0. 

For the purpose of simplifying the notation we have set z 1 = zq ±: ^® 1 and z 2 = zq^ 1 ®^ . The 
actions of A, S and £ on the currents X ± (z) of U q (gl(2)) are easily derived from the above 
expressions and relations (^|). 

We have found a method for extending an algebra isomorphism to a Hopf algebra isomor- 
phism when one of the algebras is endowed with a Hopf structure. It would be interesting 
to address the existence of a Hopf algebra isomorphism between U(R(z)) and U q (gl{2)) 
with the Drinfeld comultiplication. Moreover, the same question could be raised for the 
Drinfeld-Jimbo definition of U q (gl(2)) by means of Chevalley generators [[/], ||. There also 
Drinfeld found an algebra isomorphism between the latter algebra and the loop realization 
of U q (gl{2)). However, the coalgebra structure of the latter realization is not explicit. 
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